3.5 CLAIRAUT’S EQUATION

An equation of the form y =px + f(p) : ..(1)
1s known as Clairaut’s equation.

Differentiating (1) w.r.t. x, we get

dp

d
P=p+r L ) o [t L =0

d .
Discarding the factor [x + f(p)];, we have —ci% =0

Integrating, p=c .
Putting p = cin (1), the required solution is p = cx + f(c)
Thus, the solution of Clairaut’s equation is obtained by writing c for p.

~ ILLUSTRATIVE EXAMPLES

Example 1. Solve (y —px) (p - 1) =p.
Sol. The given equation can be written as

¢

. E ‘. : oA = (‘-\. {" _,‘,...w,‘ i
This is of Clairaut’s form. Hence putting ¢ for p, the solution1sy =
ably changing
. . eaut’s form by guitably ¢
Note. Many differential equations can be reduced to Clairauts —
the variables.
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Example 2. Solve e* (p - P v put X = e and Y = e, where k is the H.C_p
Sol. [In problems involving v" and ", pu :
of  and m]. A
Put X=¢® anc T gt
so that dX = 2 dx and  dY = 2¢7 dy dY
ol ez ““' dyY 25 , where P = IX
L :{T B n\ d\( Y ¢
) 2
y X . _&PZ — O.
The given equation becomes 1\“(?1) - 1) +Y v? ‘
or XP-Y+P2=0 or Y=PX+P? whichisof Clairaut’s form.

= ce + c%.

lts solution is Y = ¢X + ¢2 and hence e%

Example 3. Solve (px -y) (py +x) = 2p.

Sol. Put X=2x2and Y =y»2 sothat dX=2xdx and dY =2ydy

—d;de_TS—(_

The given equation becomes

dyﬁﬁx/—

&

P, whereP =

RP-\/X~\/?)(7‘/§—P.J?+\/§J=2EP

ay
dX

VY
2P

or PX-Y)(P+1)=2P or PX-Y=—-
2P

(o)
]

P+

Its solution is Y = ¢X — 2c
c+1

and hence y2=cx2 -

P+1

Y = PX— —— which is of Clairaut’s form.

1
9 2¢

c+1°

Solve the following equations:
e

1. y=xp+ p
3. sinpxcosy=cospxsiny+p
5. (x—a)p*+(x-y)p-y=0
7. p=sin(y-px)
9. e*(p-1)+p2%¥=0

11.  (y + px)? = x%p.

2-y=P_x+m

dap®—yp+a=0
6. p =log (px - y)
8. p*(x% - 1) - 2pxy+y_1—0
10x(y ~ px) = yp?

Answers

a
LY=ot —
1oy 2

2.y=cx+ \/0202 + b2

oy=cx- sin! ¢

a 5 c (tcz '
4. y=cx+-; Y =X ;‘I"l‘ 6'.\'=C.\‘~(3"

7. y=cx+sinlec o
10 yz = cx? + ¢?[Hint. Put =X, y*=Y]

8.(‘}'—~c3c’)2"‘1+c2

9. e = cev 4 2
11. xy = cx ~ ¢ [Hint. Put Xy =)
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